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We analyze the Navier-Stokes equations and show that all irrotational flows are barotropic. Both
the pressure and the Bernoulli function are only functions of the density. Further, the entropy of
irrotational fluids is only a function of the temperature, which is only a function of the density. This
is required for irrotational, compressible, viscous, unsteady flow with arbitrary conservative forces.
Steady, non-viscous, Beltrami fluids are also barotropic and entropy changes are only a function of
temperature.
I. INTRODUCTION
The Cauchy-Lagrange theorem states that a barotropic
perfect fluid is irrotational if each of its particles starts
from a region of quiet [1]. This theorem requires steady
flow without viscosity, but we include unsteady, irrota-
tional viscous flow in our analysis. We show that irrota-
tional flow requires P (ρ). The continuity equation is:
∂ρ
∂t
+∇ · (ρv) = 0 (1)
∂ ln ρ
∂t
+ v ·∇ ln ρ = −∇ · v (2)
where we divided by ρ in equation (1) and expanded
to give equation (2).
The momentum equation is written as:
∂v
∂t
+ v ·∇v = −∇P
ρ
−∇Ω + ν∇2v (3)
where v, P, ρ,Ω, ν are the velocity, pressure, mass den-
sity, an arbitrary conservative potential energy/mass,
and kinematic viscosity, respectively. The arbitrary con-
servative force/mass is f = −∇Ω. We use the following
identities to simplify the momentum equation and de-
fine the Bernoulli function, with the vorticity defined as
ω ≡∇× v
v ·∇v = ω × v +∇v2/2 (4)
∇2v =∇(∇ · v)−∇× ω (5)
∂v
∂t
+ ω × v = −∇P
ρ
−∇Be1 − ν∇× ω (6)
Be1 ≡ v2/2 + Ω− ν∇ · v (7)
Now we set ω = 0 for irrotational flow so we can write
v =∇Φ
∂v
∂t
= −∇P
ρ
−∇Be1 (8)
We set the first term to
∂v
∂t
=∇∂Φ
∂t
and absorb it into
Be.
Be2 ≡ ∂Φ
∂t
+
1
2
∇Φ ·∇Φ + Ω− ν∇2Φ (9)
We now take the curl of the resulting equation to find
∇× (∇P
ρ
) =
∇P ×∇ρ
ρ2
= 0 (10)
This requires that ∇P,∇ρ are locally parallel at all
points in the flow.
∇P is perpendicular to the level surfaces of P, and∇ρ
is likewise perpendicular to the level surfaces of P. This
requires that P = P (ρ) or that the pressure is only a
function of the mass density. This is a major conclusion
of this study.
The case where ρ → 0 is evaluated using L’Hospital’s
rule and it can be shown that ∇∂
2P
∂ρ2
×∇ρ = 0 so ∂
2P
∂ρ2
is only a function of ρ in the limit ρ→ 0.
We have not assumed barotropic flow, but we see that
it is required for irrotational, compressible, viscous, un-
steady flow with arbitrary conservative forces. Further-
more, because ∇Be2 = −∇P
ρ
and P = P (ρ) we know
that ∇Be2 ×∇ρ = 0 so Be2 = Be2 (ρ) is also only a
function of ρ or equivalently P.
Notice that unsteady flows require that the surfaces of
constant P, ρ,Be2, all move as one and are all only a func-
tion of ρ, even though each will have different functional
dependences on time through ρ(t, r).
Barotropic flow allows the absorption of
∇P
ρ
into the
Bernoulli function as
∇P
ρ
=∇
∫
dP
ρ
(11)
and is derived from
dr · (∇P
ρ
) = d
∫
dP
ρ
= dr ·∇
∫
dP
ρ
(12)
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2We note that this derivation is only valid for barotropic
flows. This can be seen by taking the curl of (11)
which re-derives (10). Now we add the new term to the
Bernoulli function and redefine Be as
Be3 ≡
∫
dP
ρ
+
∂Φ
∂t
+
1
2
∇Φ ·∇Φ + Ω− ν∇2Φ (13)
The gradient of the third Bernoulli function is zero so
Be3 must be only a function of time. The irrotational
flow problem comes down to solving Be3(t), together
with the equation of continuity.
A comment is in order concerning the discussion in
Batchelor [2]. The velocity can be re-defined as
Φ′ = Φ−
∫
Be3(t)dt (14)
v =∇Φ′ =∇Φ (15)
so that there is no direct affect on the velocity due to the
time dependence of Be3. But we are studying unsteady
flows so there is time dependence in these irrotational
fluids. This enters through the boundary conditions.
It is interesting that Be3 = Be3(t), Be2 = Be2(ρ) so
that Be3(t) − Be2(ρ) =
∫
dP/ρ. This is a peculiar re-
quirement for the pressure integral and represents a small
set of solutions compared with a general ρ(t, r).
We use the following particular form for P (ρ).
P = k1ρ
γ (16)
where γ = 5/3, 1 for either an adiabatic or isothermal,
monatomic ideal gas. We also include the case where γ is
some other constant. This form has been used in study-
ing the solar wind (the Sun’s outer atmosphere) where
the wind is heated in depth by an unknown process. Then
gamma represents the unknown heating function [3] .
∫
dP
ρ
=
∫
k1γρ
γ−2dρ =
γ
γ − 1k1ρ
γ−1 (17)
for the adiabatic case or the case for γ 6= 1,and
∫
dP
ρ
=
∫
k1
ρ
dρ = k1 ln ρ =
kT
m
ln ρ (18)
for the isothermal case with γ = 1. The ideal gas law
has also been used with k1 =
kT
m
P = nkT =
kT
m
ρ (19)
where k and m are Boltzmann’s constant and the average
mass/molecule, respectively.
Bernoulli’s equation for P = k1ρ
γ and γ 6= 1 reduces
to:
Be3(t) =
γ
γ − 1k1ρ
γ−1 +
∂Φ
∂t
+
1
2
∇Φ ·∇Φ + Ω− ν∇2Φ
(20)
Bernoulli’s equation for P = k1ρ
γ and γ = 1 reduces
to:
Be3(t) = k1 ln ρ+
∂Φ
∂t
+
1
2
∇Φ ·∇Φ + Ω− ν∇2Φ (21)
Expanding equation (2) with v =∇Φ
∂ ln ρ
∂t
+∇2Φ +∇Φ ·∇ ln ρ = 0 (22)
Which can be written as
D (ln ρ)
Dt
= −∇2Φ (23)
Equations (20) or (21) and (23) are two equations with
two unknowns ρ and Φ (where Ω is given).
The iso-thermal case allows the elimination of ln ρ in
the continuity equation using (21), but the single equa-
tion is not very illuminating and is not written.
Beltrami flows have ω,v parallel to each other so that
ω × v is zero but ω is nonzero. Steady, non-viscous Bel-
trami flows obey 0 = −∇P/ρ−∇(Ω + v2/2). Then the
previous derivation is still correct with P = P (ρ) and
Be(t)=
∫
dP/ρ+ Ω + v2/2.
As an aside, we point out that Beltrami flows obey
the vorticity equation,
∂ω
∂t
= ν∇2ω so that some driving
term is necessary to avoid the solution decaying to zero
vorticity. This means there are no steady, viscous flows
without a nonconservative force [4].
The work done by the irrotational viscous force is re-
versible. This is because the viscous force is derived from
a potential so that the work done is independent of the
path taken by a fluid parcel. All terms in the momen-
tum equation are derived from potentials so that there is
no entropy increase due to changes in the volume of an
ideal gas. This implies the entropy is only a function of
the temperature, and this is formally derived in the next
section.
II. IRROTATIONAL ENTROPY CHANGES
Crocco’s equation is often used to show that isentropic
flow occurs if and only if the flow is irrotational [5].
Here, we assume the irrotational viscous force is impor-
tant, as well as unsteady, compressible flow so that the
assumptions of Crocco’s theorem are violated; but we fol-
low the basic logic to find the limitations for irrotational
flow including heat flow.
3Using the first law of thermodynamics
de = −Pd
(
1
ρ
)
+ Tds (24)
where e is the internal energy/mass, h is the en-
thalpy/mass, T is temperature, and s is the en-
tropy/mass. The derivation is similar to that in Currie
[6]. The enthalpy is defined as
h = e+ P/ρ (25)
We eliminate e using h
dh− d
(
P
ρ
)
= −Pd
(
1
ρ
)
+ Tds (26)
and use dr ·∇ = d to find
T∇s =∇
(
h−
∫
dP
ρ
)
(27)
We take the curl of both sides to find
∇T ×∇s = 0 (28)
This implies that s is a function only of T. This is
surprising as the change in entropy of an ideal gas is
generally a function both of the change in temperature
as well as the change in volume occupied by the gas [7].
This result is consistent with all forces being conservative
for irrotational flows. However, the energy equation for
irrotational flow is P = P (ρ), and this means that T is a
derived function. The ideal gas law shows that T = T (ρ)
(see (19)). This doesn’t mean that irrotational flows are
isentropic, but only that the temperature is calculated
from the density.
We point out that real Newtonian fluids have temper-
ature dependent transport coefficients (see figure A-3 in
White [8] ). Therefore treating ν in (3) as a constant has
limited validity.
III. CONCLUSIONS
We have shown that irrotational flow requires the
barotropic assumption, P = P (ρ) and that a particular
Bernoulli function, Be2 =
∂Φ
∂t
+ 12∇Φ·∇Φ+Ω−ν∇2Φ, is
only a function of ρ. The three level surfaces of P, ρ,Be2
move as one, although the time dependence of each vari-
able may be quite different. Also, the solutions for ir-
rotational flow still require the solution of two coupled,
non-linear vector partial differential equations, which is
a very difficult problem.
Also, the entropy is only a function of the temper-
ature which is itself only a function of ρ. This is re-
quired for irrotational, compressible, viscous, unsteady
flow with only conservative forces. Beltrami flow must
also be barotropic with entropy only a function of tem-
perature; but this requires steady, non-viscous flow.
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